Thermal analysis of particle ratios and p_T spectra at RHIC by Florkowski, W et al.
Thermal analysis of particle ratios
and p? spectra at RHIC ?
Wojciech Florkowski, Wojciech Broniowski, Mariusz Michalec
The H. Niewodniczan´ski Institute of Nuclear Physics,
ul. Radzikowskiego 152, PL-31342 Krako´w, Poland
The thermal model of particle production is used to analyze the particle ratios and
the p? spectra measured recently at RHIC. Our fit of the particle ratios yields the
temperature at the chemical freeze-out Tchem = 1657 MeV with the corresponding
baryon chemical potential µBchem = 415 MeV. The quality of the fit shows that the
model works well for RHIC. The p? spectra are evaluated in an approach which takes
into account the modifications of the initial thermal distributions by the secondary
decays of resonances. All two- and three-body decays are included. This leads to an
effective “cooling” of the spectra in the data region by about 35-40 MeV. We find
that the pion spectrum is characterized by the inverse slope which agrees well with
the value inferred from the RHIC data.
Keywords: thermal models of particle production, ultra-relativistic heavy-ion
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Recently, a successful description of the particle ratios measured in relativistic
heavy-ion collisions has been achieved in the framework of so-called thermal
models [1{6]. An important ingredient of this approach is the proper inclusion
of the hadronic resonances, whose decays contribute in an essential way to the
nal multiplicities of the observed hadrons. In the rst part of this letter the
simple thermal model is used to nd the optimal values of the thermodynamic
parameters characterizing the ratios measured at RHIC. In the second part
we calculate the p? spectra of hadrons in the thermal model, including all
resonances and using an analytic formula. Such a study, to our knowledge,
has been done for the rst time. The spectra, besides the original thermal
distribution, receive large contributions from the decaying resonances. The
inclusion of all possible decays is important, since only in that way one can
obtain a clean separation and identication of other eects such as expansion,
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flow, or medium modications [7,8], which influence the nal shape of the p?
distributions.








exp [(Ei − BchemBi − SchemSi − IchemIi) =Tchem] 1
; (1)
where gi is the spin degeneracy factor of the ith hadron, Bi; Si; Ii are the
baryon number, strangeness, and the third component of isospin, and Ei =√






chem are the chemical potentials
enforcing the appropriate conservation laws. We note that Eq. (1) is used to
calculate the \primordial" densities of stable hadrons and resonances at the
chemical freeze-out. The nal multiplicities receive contributions from the pri-
mordial stable hadrons, as well as from the secondary hadrons produced by
sequential decays of resonances after the freeze-out. We include all light-flavor
hadrons (with the appropriate branching ratios) listed in the newest review
of particle physics [9]. We neglect the nite-size and excluded volume correc-
tions. 1 The temperature, Tchem, and the baryonic chemical potential, 
B
chem,




R expk − R thermk
)2
=2k ,
where R expk is the kth measured ratio, k is the corresponding error, and R
therm
k
is the same ratio as determined from the thermal model. The potentials Schem
and Ichem are determined by the two requirements: the initial strangeness of
the system is zero, and the ratio of the baryon number to the electric charge
is the same as in the colliding nuclei.
Table 1 presents our t to the particle ratios measured at RHIC. In our calcu-
lation, the identical ratios measured by dierent groups are treated separately
in the denition of 2 (number of points n = 16). In this way the measure-
ments done by dierent groups enter independently. Very similar results are
obtained if we rst average the results of dierent groups to obtain the most
likely value for each considered ratio. Our optimal value of Tchem = 165  7
MeV is consistent with the value of the critical temperature as inferred from
the lattice simulations of QCD with three flavors, TC = 154 8 MeV [10]. We
have also calculated other characteristics of the freeze-out. In particular, we
nd the energy density " = 0:5 GeV/fm3, the pressure P = 0.08 GeV/fm3, and
1 If the sizes of mesons and baryons are equal, the excluded volume corrections
practically cancel in the particle ratios. This is due to the fact that the overwhelming
majority of hadrons is heavy and may be treated as classical particles. In this case
we may replace the Fermi-Dirac (Bose-Einstein) distribution function in (1) by
the Boltzmann distribution function, for which the excluded volume corrections
factorize. We have checked that the use of the classical statistics changes the values








−=+ 1:02 1:00  0:02 [12], 0:99  0:02[13]
p=− 0:09 0:08 0:01 [14]
K−=K+ 0:92
0:88  0:05 [15], 0:78  0:12 [16]
0:91  0:09 [12], 0:92  0:06 [13]
K−=− 0:16 0:15 0:02 [15]
K0=h
− 0:046 0:060 0:012 [15,17]
K0=h
− 0:041 0:058 0:012 [15,17]
p=p 0:65
0:61  0:07 [14], 0:54  0:08 [16]
0:60  0:07 [12], 0:61  0:06 [13]
= 0:69 0:73 0:03 [15]
= 0:76 0:82 0:08 [15]
Table 1
Our fit to the particle ratios measured at RHIC.
the baryon density B = 0.02 fm
−3. Our calculation conrms the Cleymans-
Redlich conjecture [4] that the energy per hadron at the chemical freeze-out
is 1 GeV (our approach yields hEi = hNi = 1.0 GeV). We observe, however,
that the average energy per baryon is much larger than the average energy
per meson: hEBi = hNBi = 1.6 GeV and hEMi = hNMi = 0.9 GeV. Similar dif-
ferences occur also for other heavy-ion collisions studied at AGS and SPS.
They are caused by the dierent growth rates of the meson and baryon mass
spectra [11]. In addition, we nd that the ratios = and = are practically
unaected by the weak decays. In conclusion, the thermal model works well
for the RHIC particle ratios, with thermal parameters assuming anticipated
values.
While this work was nearing completion, a t by Braun-Munzinger, Magestro,
Redlich and Stachel was announced [18]. We note that our Tchem is 10 MeV
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lower than the 175 MeV of Ref. [18], and way down from the 190 MeV of the
t by Xu and Kaneta [19].
Next, we come to the discussion of the pT spectra. To our knowledge, such
a study has not been done before. Similarly to the particle multiplicities, the
momentum spectra of the observed hadrons contain two contributions. The
rst, "primordial" contribution is purely thermal and is described by distribu-
tion functions characterized by the thermodynamic parameters at freeze-out.
The second contribution comes from sequential decays of the resonances. Since
a substantial part of the produced particles comes from the decays, one may
expect that the measured spectra are signicantly changed by this eect. In-
deed, it has been already known for a long time that the resonance decays
modify the low-pT spectrum, due to the limited phase space of the emitted
particles [20{22]. So far, however, a rather limited number of the resonances
has been included in such analyses. We take into account all two- and three-
body hadronic decays. In this study we neglect other eects which can change
the spectra, such as expansion or flow.
Below we sketch our method of dealing with two- and three-body decays.
The initial momentum distribution function of a resonance in the reball rest
frame, f(k), as well as the momentum distribution of the emitted particle in
the resonance’s rest frame, are isotropic. The latter is true, since we average
over all possible polarization states. Thus, in the case of a two-body decay,
the spectrum of the emitted particle (denoted by index 1) is obtained from
the expression












where p is the momentum of the emitted particle in the rest frame of the
resonance, and L^k is the Lorentz transformation to the reball rest frame,
L^kp = p+ [(γk − 1) v2k vk p+ γk E]vk, k is the momentum of the resonance
in the reball, vk = k=
√
k2 + m2R, and γk = (1− v2k)−1/2. In Eq. (2) p is




1. The standard formula gives p
 =
((m2R−(m1−m2)2)(m2R−(m1+m2)2))1/2=(2mR); where mR is the mass of the
resonance, whereas m1 and m2 are the masses of the emitted particles. The
quantity BR is the branching ratio for the channel, and JR and J1 are the
spins of the resonance and particle 1, respectively. The physical interpretation
of Eq. (2) is clear: the isotropic distribution of particle 1 in the resonance rest
frame,  (jpj − p) =(4p2), is boosted to the reball frame, and there folded
with the resonance distribution f(k).
The integration over the polar and azimuthal angles in (2) can be done ana-
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lytically, leading to a compact expression









jJ(k; q)j ; (3)
where the limits of the integration are k(q) = mRvk =(1− (vk )2)1/2, with the
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) − (q2 + E2 + E√m21 + q2)
 :
We note that Eq. (3) is a relativistic generalization of the formula derived in
Ref. [22]. We also note, that for thermal systems our approach is simpler than
the method of Sollfrank, Koch and Heinz [20]. Our formula involves only a sin-
gle integral, whereas in Ref. [20] the spectrum of secondaries is represented by
the double integral. Simplicity of Eq. (3) turns out to be especially important
in the numerical treatment of the sequential decays.
In the case of three-body decays we can follow the same steps as above, with
the extra modication connected with the fact that dierent values of p are
possible now. This introduces an additional integration in Eq. (2). The dis-










 (mR−Ep1−Ep2−Ep3) (3) (p1+p2+p3) jM j2 ; (5)
where p1;p2 and p3 are the momenta of the emitted particles, Ep1; Ep2 and Ep3
are the corresponding energies (all measured in the resonance rest frame), M
is the matrix element describing the three-body decay, and N is the normal-
ization constant. For sake of simplicity we assume, similarly as in [20], that
M can be approximated by a constant. Operationally, the nal expression
for three-body decays is a folding of two-body decays over p with a weight
following from elementary considerations based on Eq. (5).
Our results for the p? spectra are shown in Fig. 1. The initial thermal dis-
tributions are represented by the dashed lines, whereas the nal distributions
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Fig. 1. The transverse-mass distributions of pions, kaons, protons and lambdas.
are represented by the solid lines. In the case of pions the long-dashed line
shows the result of including two-body decays only. The yield per unit vol-
ume is dened as
∫ 0.35
−0.35 dN=(2mTdmTd)d, where the pseudorapidity range
jj < 0:35 corresponds to the acceptance of the PHENIX experiment [23]. We
observe that the nal distributions of hadrons are considerably steeper than
the original distributions. We term this phenomenon as ”cooling” of the spec-
tra by secondary decays. For the pions the initial inverse slope, calculated in
the range 0.3 GeV < p? < 0.9 GeV [23], equals 221 MeV. 2 Hadronic decays
cool it by 37 MeV down to 185 MeV. The last value agrees well with the mea-
surement of the PHENIX Collaboration [23]. The inverse slopes obtained for
other hadrons are smaller than those inferred from the data. Denitely, other
processes influence the observed spectra. Amusingly, the very simple formula
describing flow eects for the inverse slopes, Tm = T0 + const m, allows, with
our value of T0 = 185 MeV, to t the pion, kaon and nucleon slopes to the
data of Ref. [23].
Our calculation does not show any peaked low-p? enhancement in the pion
spectrum. It would, if for instance we had included only the (1232) decays.
However, with all decays included, the increase of the spectrum is uniform due
2 Contrary to a naive expectation, the inverse slopes of the thermal distribu-
tions in Fig. 1 (dotted lines) do not correspond to the physical temperature
characterizing the distribution. This effect is induced by the presence of p? as
a prefactor multiplying the thermal distribution in the expression for the yield:
dN/(mT dmT dη)  p?cosh(η)f(p?cosh(η)). Since the values of p? are not asymp-
totic, the inverse slopes obtained in the region of p?  0.5−1 GeV are considerably
higher than the temperature.
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to the fact that dierent decays populate dierent momenta. The shape of the
pion spectrum in Fig. 1 is concave, thus the thermal model does not reproduce
the experimental convex shape [23]. One can see that the contributions from
the three-body decays to the pion spectrum are important at small momenta,
however, they are smaller than the contributions from the two-body decays.
The impact of three-body decays on other spectra is negligible.
Certainly, the expansion or flow eects further modify the spectra. However,
the eect of "cooling" from secondary decays described in this paper is an im-
portant ingredient of any analysis of momentum spectra in relativistic heavy-
ion collisions.
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